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ABSTRACT Cluster synchronization is of great importance for the normal functioning of numerous techno-
logical and natural systems. Deviations from normal cluster synchronization patterns are closely associated
with various malfunctions, such as neurological disorders in the brain. Therefore, it is crucial to restore
normal system functions by stabilizing the appropriate cluster synchronization patterns. Most existing studies
focus on designing controllers based on state measurements to achieve system stabilization. However, in
many real-world scenarios, measuring system states in real time, such as neuronal activity in the brain, poses
significant challenges, rendering the stabilization of such systems difficult. To overcome this challenge,
in this article, we employ an open-loop control strategy, vibrational control, which does not require any
state measurements. We establish some sufficient conditions under which vibrational inputs stabilize cluster
synchronization. Further, we provide a tractable approach to design vibrational control. Finally, numerical
experiments are conducted to demonstrate our theoretical findings.

INDEX TERMS Cluster synchronization, oscillator networks, vibrational control.

I. INTRODUCTION

Cluster synchronization describes the phenomenon in which
units within a network exhibit synchronized behavior, form-
ing distinct clusters. This intriguing phenomenon is widely
observed in many natural and engineering systems. For in-
stance, it manifests as correlated neural activity in the brain.
Different patterns of cluster synchronization in the brain play
a fundamental role in various functions, including neuronal
communication, memory formation and retrieval, and motor
function [1], [2].

However, many brain disorders, such as Parkinson’s dis-
ease [3] and epilepsy [4], are characterized by aberrant
synchrony patterns of brain activity. It becomes crucial to be
able to stabilize normal patterns of cluster synchronization.

Most existing studies rely on the assumption that the states
of systems can be measured to design feedback controllers to
stabilize them. Unfortunately, many real-world systems often
exhibit complex nonlinear dynamics over large network struc-
tures with states that are difficult to observe or measure in real
time (such as neuronal activity in the brain), thus preventing
the use of sophisticated feedback techniques.

In this article we leverage vibrational control strategies
to ensure stability of network systems. Vibrational control
is a powerful strategy applicable in various domains to sta-
bilize the dynamics of complex systems without the need
for direct state measurements. Unlike traditional feedback-
based control methods that rely on directly measuring the
system’s states or outputs, vibrational control leverages the
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inherent dynamics of the system to induce desired stability
and performance. In particular, vibrational control uses pre-
designed high-frequency signals, injected at specific locations
and times. As we show below, these signals can effectively
change the system dynamics and suppress unstable dynamics.
Successful applications of vibrational control to individual
systems are numerous, including inverted pendulums, chem-
ical reactors, and under-actuated robots [5], [6], [7]. This
article takes the first steps to develop a theory of vibrational
control for network systems. Interestingly, in addition to its
technological value, the theory of vibrational control for net-
work systems may also help explain the success of deep brain
stimulation methods, as this technique also relies on the in-
jection of high-frequency electrical pulses to regulate brain
processes and restore healthy functions [8].

We study the stabilization of networks of heterogeneous
Kuramoto oscillators, and in particular on the stabilization of
the dynamics around a desired cluster synchronization man-
ifold [9]. We remark that (i) Kuramoto-oscillator networks
have been used successfully to model different phenomena in
diverse domains ranging from power engineering to biology
and neuroscience, thus making our results of broad applicabil-
ity, and (ii) cluster synchronization has been used as a proxy
to model and regulate the emergence of functional activation
patterns in the brain [10], [11], thus making our results of
timely relevance to these problems.

Related work: Cluster synchronization has garnered sig-
nificant attention recently as researchers seek to understand its
underlying mechanisms and control strategies. Investigations
into the field have revealed intriguing connections between
cluster synchronization and network symmetries [12], [13],
[14], [15] as well as equitable partitions [16]. Furthermore,
stability conditions for cluster synchronization have been es-
tablished in networks featuring dyadic connections [9], [17],
[18], [19], [20] and hyper connections [21], [22]. To control
cluster synchronization, researchers have proposed diverse
strategies, such as pinning control [23] and interventions that
involve manipulating network connections or the dynamics of
individual nodes [24], [25], [26]. In contrast, our approach
focuses on vibrational control, which offers a more realistic
strategy in many real-world systems, e.g., for regulating neu-
ral activity as it resembles deep brain stimulation [8]. To the
best of our knowledge, our work is among the first ones to
utilize vibrations to regulate network systems.

Paper contributions: The main contributions of this article
are as follows. First, we formalize the problem of vibrational
control for Kuramoto-oscillator networks, with the aim to
stabilize patterns of cluster synchronization. By employing an
averaging technique, we demonstrate that introducing vibra-
tional inputs into the network effectively alters the system dy-
namics on average. We establish sufficient conditions for the
effectiveness of vibrational control in stabilizing cluster syn-
chronization within Kuramoto-oscillator networks. Through
the analysis of linearized systems, we gain deep insights into
the underlying mechanisms of vibrational control, revealing
its ability to enhance the robustness of synchronization within
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clusters. Second, we establish a connection between the de-
sign of vibrational control in Kuramoto-oscillator networks
and linear network systems. We show that vibrational control
can effectively modify the weights of edges in linear network
systems, thereby shaping their robustness. We develop graph-
theoretical conditions for determining which edges can be
modified through vibration. Additionally, we propose a sys-
tematic approach to designing vibrational control that targets
the modifiable edges, aiming to enhance the overall robustness
of the network system. Building on these findings, we apply
the results to homogeneous Kuramoto-oscillator networks,
presenting a tractable approach to designing vibrational con-
trol for improving the robustness of full synchronization.
Furthermore, we extend the application of these results to het-
erogeneous Kuramoto-oscillator networks, deriving precise
forms and placements of vibrational inputs to stabilize cluster
synchronization. Finally, we conduct a numerical experiment
to demonstrate our method for designing vibrational control to
stabilize cluster synchronization in Kuramoto-oscillator net-
works.

A preliminary version of this work appeared in [27]. Com-
pared with it, this article presents a more comprehensive
approach to design vibrational control in Kuramoto-oscillator
networks by deriving and utilizing precise forms and place-
ments of vibrational inputs in linear network systems.

Notation: Denote the unit circle by S!, and a point on it
is called a phase since the point can be used to indicate the
phase angle of an oscillator. For any two phases 6, 6, € S!,
the geodesic distance between them is the minimum of the
lengths of the counter-clockwise and clockwise arcs connect-
ing them, which is denoted by |0; — 6>|s. Given a matrix
B € R™" the matrix A = sign(B) is defined in a way such
that ajj = 1if b,‘j > 0, ajj = —1if b,’j < 0, and ajj = 0 if
bij = 0. Given a matrix A, AT denote its pseudo-inverse. Given
a vector a € R", diag(a) denotes the diagonal matrix formed
by a. Given matrices Ay, Az, ..., A,, blkdiag(A, Az, ..., A,)
denotes the block diagonal matrix formed by them. Denote
® and O as the Kronecker product and point-wise product,
respectively.

Il. PROBLEM FORMULATION
A. KURAMOTO-OSCILLATOR NETWORKS

Consider a network of n Kuramoto oscillators with dynamics
described by

n
éi :a)l+Zwl] Sin(ej_ei), (1)
j=1

where 6; € S! is the phase of the ith oscillator, w; € R is its
natural frequency for i =1,...,n, and w;; is the coupling
strength. This article investigates a network configuration
where connections between nodes are bidirectional but al-
low for asymmetry (i.e., wj; # 0 if w;; #0, and w;; # wj;
is allowed). This assumption represents a more flexible sce-
nario compared to the commonly studied undirected networks
in existing literature. We use a weighted directed graph
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G =V, E,W) to describe the network structure, where )V =
{(L,2,...,n},ECV xV,and W = [w;jluxn With w;; > 0 is
the weighted adjacency matrix. There is a directed edge from
jtoiingG,ie., (j, i) € &, if w;; > 0; this edge does not exist,
i.e., (], i) ¢ 5, if wijj = 0.

In this article, we are interest in studying cluster synchro-
nization in the Kuramoto-oscillator network (1). Let us first
formally define cluster synchronization.

For the graph G = (V, £, W), consider the partition of the
nodes in it below:

P :={P1,P2,...., P}, 2)

where each Py is a subset of V satisfying P, N P, = ¢ for any
k#¢€,and U;_ P =V.

Definition I (Cluster Synchronization Manifold): The clus-
ter synchronization manifold with respect to the partition P is
defined as

M:={0eT":0,=0,¥i,jePuk=1,...r. A

Note that various cluster synchronization patterns may
emerge in the same network, each of which corresponds to
a distinct network partition. Nevertheless, the partition de-
fined in (2) exhibits sufficient generality to capture any cluster
synchronization pattern, enabling the analysis of different pat-
terns of cluster synchronization.

The manifold M is invariant along the system (1) if, start-
ing from 6(0) € M, the solution to (1) satisfies 6(¢) € M for
all + > 0. We make the following assumption to ensure the
invariance of M.

Assumption I (Invariance): Fork = 1,2, ..., r:1) the nat-
ural frequencies satisfy w; = w; for any i, j € Py; and ii) the
coupling strengths satisfy that, for any ¢ € {1, 2, ..., r}\{k},
>gep,(Wig —wjg) = 0 forany i, j € Py. A

This assumption guarantees that oscillators within a cluster
receive identical inputs from every other synchronized clus-
ter, a critical factor for maintaining synchronization among
them. Similar assumptions are made for undirected networks
in earlier studies [9], [28]. To ensure the emergence of cluster
synchronization, it is essential to not only establish invari-
ance but also ensure the stability of M. Given a manifold
C € T", define a §-neighborhood of C by Us(C) = {0 € T" :
dist(0, C) < &} with dist(9, C) = infycc [0 — ylls. The expo-
nential stability of the manifold M is defined below.

Definition 2: The manifold M e T" is said to be exponen-
tially stable along the system (1) if there is § > 0O such that for
any initial phase 6(0) € T" satisfying 6(0) € Us(M) it holds
that for all > 0, dist(6(t), M) = k - dist(8(0), C) - e~ for
some k > 0 and A > 0.

Sufficient conditions are constructed for the exponential
stability of M (e.g., see [9], [16], [17]). However, variations
in network parameters due to factors, e.g., aging or brain
disorders, can disrupt such conditions, resulting in the loss
of stability of cluster synchronization. This article focuses
on the application of vibrational control, a control strategy
reminiscent of deep brain stimulation (DBS) [8], to restore
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the stability of desired cluster synchronization patterns. Next,
we present an introduction to vibrational control.

B. VIBRATIONAL CONTROL
Following [29], consider a nonlinear system

x=fx, a), 3)

where x € R”, and a € R™ represents the parameters of the
system. For linear systems, a can be rewritten into a matrix
form A € R™*" and then we have x = Ax. Vibrational control
introduces vibrations to the parameters of (3), resulting in

%= f(x,a+v()). 4)

The control vector v(t) = [vy, v2, ..., vm]—r € R™ is usually
selected to have the following structure:

o
vi) =Y o sin(CBit + o). (5)
=1

which is almost-periodic, zero-mean, and high-frequency [5].
Vibrational control is an open-loop strategy. An appropriate
configuration of vibrations can stabilize an unstable system
(3) without any measurements of the states [6], [7], [30].

C. VIBRATIONAL CONTROL IN KURAMOTO-OSCILLATOR
NETWORKS
In the Kuramoto-oscillator network described by (1), the nat-
ural frequencies and coupling strengths can be taken as the
parameters. This article specifically focuses on injecting vi-
brations solely into the network connections, affecting their
coupling strengths (i.e., the strengths of edges in the asso-
ciated graph). This is inspired by the observation that deep
brain stimulation predominantly affects dendrites and axons
near the electrode, rather than the soma [31].

The control inputs exert their influence on the system in the
way specified by

b =wi+ Y (wij + vij(t)) sin(0; — 6), (6)
j=1

where v;;(t) is the vibration introduced to the edge (j, 7).
Particularly, we consider that each v;;(¢) is simply sinusoidal,
which naturally satisfies (5), i.e.,

v;j(t) = pij sin(a;t), (7

Let V(t) = [v;j(t)]nxn. Note that various types of vibrations
can be utilized in practical applications. However, for the
sake of analysis simplification, we just consider sinusoidal
vibrations in this article. Here, u;; € R and «;; > 0 deter-
mine the amplitude and frequency of the vibration injected
to the connection (i, j). Note that, since vibrations are usually
high-frequency, ;; and «;; are often rewritten into the form
of wij =u;j/e and o;; = Bij/e to streamline the analysis,
where u;; and B;; have the order of 1, and ¢ > 0 is a small
constant. Let u;j(t) = u;j sin(B;;t), and v;;(¢) can be rewritten

1 t
as vij(t) = Eu,-j(g).
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FIGURE 1. Summary of the main notations we use in this article: different
subgraphs and their corresponding incidence matrices.

In contrast to the general system (3), where vibrations can
be applied to any parameter in a, the introduction of vibra-
tional control to a network system is subject to the constraints
imposed by the network structure. It is reasonable to assume
that vibrations can only be introduced to connections that
already exist in the network. Therefore, vibrational control
satisfies that for any pair of i, j,

Uij = O, if Wij = 0. (8)

Objective: This article aims to study how vibrational control
satisfying both (7) and (8) stabilizes the cluster synchroniza-
tion represented by the manifold M.

lIl. PRELIMINARY
A. GRAPH-THEORETICAL NOTATIONS
We first introduce some graph-theoretical notations, which are
further elucidated in a more intuitive manner in Fig. 1.

For the directed graph G = (V, £, W) that describes the
network in (1), denote the oriented incidence matrix as B =
[bre] € R™™ where

—1, if the edge e, leave the node k,
bre = § 1, if the edge e, enters the node k,
0, otherwise.

For the partition P := {Py, P2, ..., P,} of G, define G; =
(Pr, &) where & :={(,j)e & :i,je P} for all k=
1,...,r. Denote nj := |Px| as the number of nodes in G.
We assume that each G contains at least 2 nodes and is
strongly connected. Let Ginga = (V, Eintra) = U Gk, and we
refer to it as the intra-cluster subgraph, describing the intra-
cluster network structure. Similarly, let Giper = (V, Einter) be
the inter-cluster subgraph, where Einer := E\Einra. Denote
Bintra and Bjyer as the oriented incidence matrices of Giyra and
Ginter» respectively.

Consider an arbitrary spanning tree in G, and denote it by
G=,&), where |£| =n — 1. Let B be the oriented inci-
dence matrix of G. For each k, Let G = (P, &) with & :=
&N &,. Similar to earlier notations, denote the intra-cluster
subgraph of the spanning tree G by Gintra = (V, Emtra) =
Uk lgk, the inter-cluster subgraph of G is denoted by glmer =
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WV, Einter) With Eineer 1= & \gmtra Denote the incidence ma-
trices of gmtra and glnter as Bmtra € R™=r) and Blnter
R =D respectively.

B. INCREMENTAL DYNAMICS AND PARTIAL STABILITY
To study cluster synchronization in (6), we look at its incre-
mental dynamics. Specifically, we order the columns of the
incidence matrix B of the spanning tree G in a way such
that B = [Bintra’ Binter]’ where éintra e R™"™" and Binter €
R™ =1 represents the intra- and inter-cluster subnetwork in
the spanning tree G, respectively. Now, let x = Bmtrae e R"™™"
and y = lmer@ € R"7! to capture intra- and inter-cluster
phase differences, respectively. Naturally, x = 0 implies the
cluster synchronization defined by M since it indicates that
phase differences of oscillators within each cluster are all 0.
Now, the incremental dynamics of the Kuramoto-oscillator
network can be derived as

1
X = fintra(*) + finter (X, ¥) + hea (EU <£> » Xy y) . (9a)

. 1 1
y = g(x,y) + hy (—U (—) X, y) ,
£ £

where U(t) = diag([u;j(t)](i j)ee) € R™*™ captures the vi-
brations introduced to the edges in the network. The ex-
pressions of the functions on the right-hand side of (9) are
given in Appendix A. We single out some important prop-
erties of them. The functions finga and fineer results from
intra- and inter-cluster couplings; it holds that fiy;,(0) =0
and finter(0, y) = 0 for any y. The functions /.y and 4/ oy are the
consequences of vibrational inputs; when there is no control,
heq(0, x, y) = 0 and A (0, x, y) = 0 for any x, y.

Notice that, the fact that fipga(x) + finter(x, y) = 0 when
x = 0 signifies the invariance of cluster synchronization de-
fined by M. To preserve this invariance, a vibrational control
input needs to ensure hctl(%U(é), 0, y) = 0 for any y. To meet
this requirement, one way is to assume a similar balanced
condition as Assumption 1, that is, one can consider that,
given any £ and k, it holds for all # > 0 that

D " (ig(t) — ujg(t)) = 0 forany i, j € Py.
q€Py

(9b)

(10)

This assumption ensures that x = 0 is an equilibrium of the
system (9a), independent of y. Following [32, Chap. 4], such
an equilibrium is called a partial equilibrium of the system
(9). To ensure the stability of the cluster synchronization
manifold M, one can focus on the stability of the partial equi-
librium x = 0 of the system (9), which reduces to studying
its partial stability. Note that various forms of partial stability
exist, such as partial asymptotic and exponential stability, as
elaborated in [32, Chap. 4]. However, for the scope of our dis-
cussion, we exclusively focus on partial exponential stability
and therefore present its specific definition here.

Definition 3 (Partial Exponential Stability [32, Chap. 4]):
Given a system X = f(x,y),y = g(x,y), where x e R",y €
R™, a partial equilibrium point x = 0 is exponentially x-stable
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uniformly in y if there exist c¢q, ¢2, § > 0 such that || x(0)|| < §
and any y(0) € R™ imply that [|x(¢)| < c1|lxolle” " for all
t>0.

Formally, the manifold M is exponentially stable along the
system (6) if x = 0 of the system (12) is partially exponen-
tially stable. To stabilize the cluster synchronization manifold
M, it suffices to design vibration control satisfying (10) to
ensure the partial exponential stability of x = 0.

IV. VIBRATIONAL STABILIZATION: GENERAL RESULTS

In this article, we specifically investigate a form of vibrational
control in which vibrations are exclusively introduced to the
intra-cluster connections, i.e.,

uij(t) =0, Y

for any i, j from different clusters. Then, the requirement (10)
is naturally met since ) _ qep, Uig(t) = 0 for any i. As a result,
the system (9) reduces to (see details in Appendix A)

1
X = fintra(®¥) + finter (x, y) + Ehctl <U (é) »x> s (12a)

. 1 t
y= g('x’ )’) + _hé;[] <U <_) ,X) )
& &

where h¢q and k2, no longer depend on y.

Since finter(0,¥) =0 holds for any y, then the term
finter (%, ¥) in (12a) can be viewed as a vanishing perturbation
dependent of y to the controlled nominal system

1
X = finwra(®) + = feu (U <£> ,x) .
1> &

This perturbation can be decomposed as
1
fier = il o> i) 1T

where 5 = —(B%) )T BinerWiner sin(Rox + Ray) is the
perturbation received by the kth cluster.'

Next, we show how a vibration control can stabilize x = 0
in the presence of the perturbation finer(x, y) by introducing
the change é feu(U, x) to the system dynamics.

To this end, we linearize the system at x = 0 and obtain

(12b)

13)

‘o (J+ Lp <5>>x+N(y)x, (14)
I &
where
J= 8f“““ (0) = blkdiag(J ", ..., JM),
P(1) = f <t — 0,0 = blkdiag(PV(¢), ..., P (1)),
NG) = f”““ 0, ). (15)

'The matrix B is obtained by replacing the negative elements in the ori-
ented incidence matrix B with 0. The columns of B can be ordered such that
B = [Binta, Binter] and Binga = []Bl(mr - ]Bl(ft)ra ..... Bf;l)r ,J. The diagonal ma-
trix W = blkdiag(Wintra, Winter) := diag([w;j]i,iee) contains the weights,
and the matrices R, R2, and R3 capture the relation between 6 and x, y. More

details can be found in Appendix A.
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Notice that both J and P(¢) are block-diagonal, be-

cause the dynamics described by finra and the vibra-

tional control f; have no inter-cluster couplings. Here,
k k k

for each k, J® = —BX YTBY w) Ry and PO (1) =

—(B® YTB® p®(1)R,. One can also derive that

intra ntra
N©) = —Bintra)  BinterWinter (1,._, ® sin(R3y)) © R».

Observe that P(7) is almost periodic with a zero mean value
just as U (¢). Different from our previous work [27], here we
also linearize the perturbation fipeer(x, ¥) at x = 0 in (14).

Lemma 1 (Connecting the stability of Systems (12) and
(14)): If the equilibrium ¥ = O of the system (14) is exponen-
tially stable uniformly in y, then x = O of the system (12) is
also exponentially stable uniformly in y.

From this lemma, a vibrational control resulting in P(t)
that stabilizes x = 0 of the system (14) stabilizes the cluster
synchronization manifold M, too. Next, we aim to provide
conditions on which a vibrational control stabilizes the system
(14).

Let s = t /e, then we rewrite the system (14) as

= (eJ + P(5))% + eN(y)%. (16)

Next, we use averaging methods to analyze this system. How-
ever, the standard first-order averaging? is not applicable here.
Recall that P(s) has zero mean. Then, applying the first-order
averaging to (16) just eliminates the P(s) term and results in
the uncontrolled system 4 o =eJx+eN(y)x.

To avoid that, we change the coordinates of (16) first be-
fore using the averaging method. To do that, we introduce an
auxiliary system

dx

= PO,

and let O (s, sg) be its state transition matrix. Since P is block-
diagonal, it holds that ® = blkdiag(®), ..., &), where
®®) is the transition matrix of the subsystem in the kth cluster
dzy/ds = PO (s)5y.

Consider the change of coordinates z(s) =
It follows from the system (16) that

dz 1 1
o =ed JPz4+ D N(y)Pz.
s
Since P(s) is almost periodic in s and mean-zero, so are
D (s, so) and ®~1(s, sp). Denote
G(y) = " 'N@y)®.

Foreachk = 1,...,r, let GX(y) € R®~D*" be the dynam-

ics associated with the kth cluster. Now, we associate (18) with

a partially averaged system
dz
ds

A7)

D1 (s, 50)%(s).

(18)

e(J+GO)z (19)

2Given a system X = ef(t, x) + e2h(t,x)+ -+ s’ig(t, x), the first aver-
aging method calculates the averaged system X = ef (¢, x) only using the
first-order term £f(t,x) and ignoring the higher-order terms O(e?), i.e.,

Foo) =limp_eo & [T £z, x)d1 [33].
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where

_ so+T
J= lim — / @ (s, 50)JD(s, s0)ds.  (20)

T—oo T so

As both J and @ are block-diagonal, one can derive that J
is also block-diagonal satisfying J = blkdiag(/'", ..., /")

with
1 /SO+T
T Js

Therefore, it holds that
dz®
ds

Then, it can be shown that for any k, there exist 3, > O,
¢ =1,...,r,such that

J® = 1lim

T—o0

-1
(CD(k)(s, s0)> J(k)QD(k)(s, s0)ds.
2D

=¢ (J_(k)zk + G(k)(y)z) ,

|69 05] < ¥ Al
=1

for each k (see Lemma 4 in Appendix A for more details).
Theorem 1 (Sufficient condition for vibrational stabiliza-

tion): Assume that J = blkdiag(J\", ..., J®)) in Eq. (20) is

Hurwitz. Let X be the solution to the Lyapunov equation

TNTX + X T = —1. (22)
Define the matrix S = [si¢],x, With
_ ) = ks ifk=1¢,
Ske = { — ke, ik # £, (23)

where Amax(+) denotes the maximum eigenvalue of a matrix.
If S is an M-matrix,? then there exists ¢* > 0 such that, for
any & < g*:
i) the equilibrium x = 0 of the system (12) is exponen-
tially stable uniformly in y;
ii) the cluster synchronization manifold M of the system
(6) is exponentially stable.

Note that a similar theorem was presented in our prelim-
inary work [27]. Here, our results are built on a complete
instead of a partial linearization technique in (14). Theorem 1
provides a sufficient condition for vibrational control inputs
to stabilize the cluster synchronization. To design an effective
vibrational control law that stabilizes M, one can design vi-
brations to satisfy the following three conditions: i) J in (20)
is Hurwitz, ii) S defined in (23) is an M-matrix, and iii) the
frequency of the vibrations is sufficiently high.

Connections with robustness of linear systems: Consider
a stable linear system

X = Ax.
Some earlier works (e.g., [35], [36]) utilize

R(A) = Apa (X) (24)

3A real non-singular matrix A = [a;;] is an M-matrix if a;; < 0 for any
i # j, and all its leading principal minors are positive [34, ch. 2.5].
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to measure its robustness (Amax(-) stands for the maximum
eigenvalue of a matrix), where X is the solution to the Lya-
punov equation:

ATX + XA =—I

A larger R(A) means that the system is more robust.
In our case, from (14), the uncontrolled intra-dynamics
around M are described by the linearized system

s = JOx + R 0x, y),

inter

k=1,....r (25)

where J®) is stable and fi(nlzr(x, y) is taken as the vanishing
perturbation. Here, x; = 0 means synchronization of the os-
cillators in the kth cluster. Similarly, one can interpret that
R(J®) measures the robustness of synchronization in the
kth cluster. If the intra-cluster synchronization is sufficiently
robust (i.e., R(J®)s are sufficiently large) to dominate
the perturbations resulted from inter-cluster connections, the
cluster synchronization is stable. A sufficient condition is
constructed in [9, Th. 3.2]. By contrast, if R(J (k))’s are not
large enough, the cluster synchronization can lose its stability.
Yet, the robustness of the intra-cluster synchronization can be
reshaped by introducing vibrations to the local network con-
nections. The new robustness is instead measured by RIK)
defined in (21).

Now, the question naturally arises: how to design vibra-
tional control such that the robustness in the cluster can be
improved? We aim to provide answers in the next section.

V. IMPROVING ROBUSTNESS BY VIBRATIONAL CONTROL
The primary objective of this section is to demonstrate the
design of vibrational control with the intention of enhanc-
ing the robustness of synchronization within each cluster. As
observed in the concluding part of the previous section, the ro-
bustness is intimately linked to the linearized systems of both
the uncontrolled system and the averaged controlled system.
Hence, we commence by examining the linear system and
subsequently explore the applicability of the findings from
linear systems to Kuramoto-oscillator networks.

A. LINEAR SYSTEMS
Let us consider a linear system

X = Ax, (26)

where x € R", A € R™" and A is assumed to be Hurwitz.
Consider a vibrational control matrix U (¢) that influences the
system parameters in A, resulting in the following controlled

system
. 1 t
xX=A+-U|(-)])x,
) €

where U (t) = [u;j(t)]nxn With u;;(t) = u;j sin(B;;t), and & >

0 is small, determining the frequencies of the vibrations.
Vibrational control can improve the robustness of a stable

system. To show this, we follow similar step as in Section IV

27)
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to associate (27) with the averaged system

X = Ax, (28)
where the time scale has been restored to t = s,
_ 1 (7
A= lim — / &1, 10)AD(, 1)dt,
T—oo T =0
and ®(r, 1p) is the state transition matrix of the system
£=U@0%. (29)

When A is Hurwitz, the controlled system (27) behaves like
(28) in average if ¢ is small. Then, one can interpret that
vibrational control changes the system matrix from A to A
in an in-average sense. Vibrational inputs can be designed to
carefully modify the elements in A so that R(A) is larger than
R(A) to improve robustness.

However, which elements in A and how they can be
changed is a challenging problem. An earlier attempt has
been made in [30]. Here, we aim to generalize their result by
utilizing graph-theoretical approaches.

Specifically, we associate the uncontrolled system x = Ax
with a weighted directed network G4 = (V, €4, A). Here, V =
{1,2,...}, and there is a directed edge from i to j,i.e., (i, j) €
Ea if aj; # 0 and i # j (no self-loops are considered). The
matrix A becomes the weighted adjacency matrix. Likewise,
one can associate the averaged controlled system (28) with a
weighted directed network Gz = (V, &5, A), which we refer to
as the functioning network*. Then, changing elements in A re-
duces to altering the connection weights in G4 via vibrational
control.

Definition 4: The edge (i, j) € €4 is said to be vibrationally
increasable if there exists a vibrational control U (¢) such that
the weight of (i, j) is increased in &y, ie., aj; > aj;. It is
said to be vibrationally decreasable if there exists a vibrational
control U (¢) such that the weight of (7, j) is decreased in &3,
i.e., aji < ajj.

Lemma 2: Consider an edge (i, j) € £4. It is vibrationally
increasable if there is an edge in the reverse direction that has
a negative weight, i.e., @;; < 0. It is vibrationally decreasable
if there is an edge in the reverse direction that has a positive
weight, i.e., a;; > 0.

An illustration of vibrationally increasable and decreasable
edges can be found in Fig. 2. When an edge satisfies the cor-
responding conditions, we further find that directly injecting a
vibration to it can functionally increase or decrease its weight
(see Appendix A for more details).

The conditions we identified here are just sufficient ones.
Edges that do not satisfy these conditions may also be vi-
brationally increasable or decreasable. Yet, we restrict our
attention to the edges that satisfy the conditions in Lemma 2.
Then, based on them, we define two sets & := {(i, j) €

4We highlight that the terminology we employ here is different from
functional network that is widely-used in neuroscience (e.g., see [37]). To
avoid possible confusion, we clarify that, when we say that vibrational control
functionally changes the network G4, we mean that it leads to a functioning
network Gz that is different from G,.
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Increasable
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FIGURE 2. lllustration of vibrationally increasable and decreasable edges.
(a) and (b): The red edge (i.e., (1,2)) is vibraionally increasable since the
edge in the reverse direction has negative weight. (c) and (d): It is
vibrational decreasable since the reverse edge has positive weight.
Injecting a vibration to the red edge itself can functionally increase or
decrease its weight in the corresponding cases.

Ea taij <0}, and Egec := {(i, j) € €a : a;; > 0}, which are
vibrationally increasable and decreasable edges, respectively.
Subsequently, we define a directed and signed graph QX"’d =
(V, Emods S), where Enod = Eine U Edec, and S = [s;;] with
s;j = —sign(a;;)if (i, j) € £4 and s;; = 0 otherwise. We refer
to gXlOd as the modifiable graph of G4. An example is shown
in Fig. 4(b). Given a graph Ga, we denote G < Q/{‘md if the
signed (but unweighted) edges of Ga constitute a subset of
gITod 3.

Theorem 2: Consider a matrix A = [d;;] € R"*", and let
Ga := (V,Ea, A) be the directed and signed graph associ-
ated with it. If GA is a directed acyclic graph (i.e., a graph
with no cycles) and Ga € g;{md, there exist vibrational con-
trol inputs such that the system matrix A of (28) becomes
A = A+ A. Further, if A+ A is Hurwitz., there exist &g
such that, for any ¢ < gp, the system (27) is exponentially
stable.

This theorem provides a method to functionally change
the system matrix from A to A+ A, which stabilizes the
system if A+ A is Hurwitz. A matrix A, which is asso-
ciated with an acyclic graph Go and Gp C g;;lod, is called
as realizable modification matrix, and G is called realiz-
able modification graph, given that, under these conditions,
there exist vibrational inputs to realize the desired func-
tional changes. Next, we show how to design such control
inputs.

By assumption, G is directed acyclic, then, from [38], it
can be topologically ordered. Therefore, there exists a per-
mutation matrix Q such that the matrix A’ := QAQ~! is
quasi-lower-triangular. One can let A’ = QAQ~!, and U’(r)
be the vibrational control matrix to A’. Let x = Qx, one can
derive that the controlled system becomes

1 t
# = <A’ Ly (-)) v
e &

Now, to functionally change A to A 4+ A, it becomes to change
A'to A"+ A

(30)
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To realize this functional change, we consider the following
vibrational control matrix that is quasi-lower-triangular:

0 0 0 ... 0
uy (1) 0 0 ... 0
U= |t (@) uhp) 0 .. 0
W, (1) uyt) ust) ... 0

where u/ j(t) =u i sin(B! it)- Then, the state transition matrix
of the system £=U (t)X has the following form:

1 0 0 .. 0

¢5, () 1 0 ... 0

D' (t,19) = | P51(1)  P3(t) 1 .0
L) Pt) Pla) ... ]

According to [30], the averaged system matrix of (30), de-
noted as ¥ = A'%, satisfies A’ = A’ + B with
B=[hjl=AT oC. (31)

Here, C = [c;;] satisfies
T

cij = —% - (<1>{,-(r)>2 dt

We need to design vibrational control inputs such that B = A.
In other words, one needs to design vibrations such that

(32)

/

¢y = _a/ , ifd; # 05 ¢i; = 0, otherwise. (33)
Jji
One can derive that, for any i > 2,
t
G (1) = / Uiy (v)dt
fo
u:l 1 /
= (cos(B] ;1) — cos(Bl,_1t0)) . (34)
i,i—1
i1
¢>U(z)_/ > u(t)gy(tydT, for j <i—2.  (395)

0 k=1

Combining the expressions in (34) and (35) with (32), one can
derive the required ratios of the amplitudes and frequencies,

. ;, , in U'(t). First, for each i > 2, it follows from (34)
and (32) that

lll zzl
/2 / cifa;_y; #0. (36)
111 lll e

Next, one can establish the remaining parameters within the
vibrational control matrix through a recursive method. To do

this, one calculates the necessary ratio - by systematically

ﬁ/
deriving each required ¢; 7 in the sequence outlined in Fig. 3.
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1 0 0 0 ... 0
651 (t) 1 0 0 ... 0
31(;)7 ¢’32( ) 1 0 ... 0

D' (t,t9) =

d”u()“%z() ¢43() 1 ....0

—

FIGURE 3. Vibtaional control design. We first design the ratio ui;/B;; in
each vibrational input u; I.(t), which can be done by once ¢, I.(t) is derived.
The entries that are one-element left to the diagonals of @’ are expressed
by (34), which leads to the corresponding ratios in (36). The remaining
entries of @' can be determined one by one in the order depicted by the
above arrows, which can also be used to determine the ratios. After all the
ratios are determined, one can choose amplitudes and frequencies to
satisfy the corresponding ratio.

/.

M
Once the ratios ﬁ_ have been determined, one can select

amplitudes and frequenc1es to fulfill these ratios. Note that
the frequencies ﬂi ; need to be incommensurable, that is, each
Bi;/ By, for any distinct pair of {i, j} and {k, £} is not a rational
number. Consequently, the vibrational control matrix U ('r)
is determined. Subsequently, as A = Q_lA’ Q, the vibrational
control to the original system (27) becomes

U= 'U'1)0.

Remark 1: Theorem 2 also provides an approach to im-
prove the robustness of the system by vibrational control.
As illustrated in Fig. 4, if there is a matrix A satisfying the
conditions (i)-(ii) and R(A + A) > R(A), one can follow the
above steps to design vibtational inputs to realize this func-
tional change. We wish to mention that it is likely impossible
to improve the system to any desired robustness by just adding
a matrix A, especially when A is constrained by the graph
structure. There are some interesting open questions. For in-
stance, what is the realizable range of robustness levels? How
to design A and the subsequent vibrational control to realize
a desired and reasonable robustness?

B. KURAMOTO-OSCILLATOR NETWORKS

Observe that, in each cluster, oscillators have an identical
frequency, and each pair is coupled by bidirected edges with
asymmetric strengths. To study how vibrational control can
improve the robustness of synchronization in each cluster, we
consider the following homogeneous Kuramoto model:

¢ =+ Y wijsin(e; — @), (37)
j=1
where i =1, ..., n, and w;;’s describe the directed network
= (V,E) with |E| =m. Let B € R"™ be the incidence
matrix of G. Select a directed spanning tree Ggpan in G,
and let B € R"*("~D be its incidence matrix. Denote ¢ =
[¢1, ..., om] and W = diag([w;;] (i, j)er) € R™*™.
Let x=BT¢p e R""!, and following similar steps as
Appendix A one can derive that

% = —B BW sin(R;x), (38)

VOLUME 2, 2023



IEEE

L Css
= Ar System Graph Modifiable Graph Realizable Graph Vibrational Control
Yoo ©) ® 0) ® @ ® 0+ 00 Mw@ ®rcalizc . )
Ao |05 =3 0 0511 1 - + — A= 8 8 8 8 — 1 | — T=(A+A)z
20l -0 -0 @ ® 0+ 00 @ ®
(@ (b) (© (d)

FIGURE 4. lllustration of the method to improve robustness of a linear stable system. (a) The directed graph associated with X = Ax. (b) Modifiable graph,
where edges can be vibrationally changed (the signs indicate whether they can be increased or decreased). (c)-(d) If a matrix A corresponds to a singed
and directed graph that is directed acyclic and it is a subgraph of the modifiable graph, then there exists vibrational control to realize the averaged
system X = (A + A)x. Careful design of A can increase the robustness of the original system.

where B is obtained by replacing the negative elements in the
oriented incidence matrix B with 0 and

BT (BT
R = T AT .
—BT(B )T
With vibrations injected into the edges in the network, we
have the controlled model

R 1. (1t
i=-B"B (W +-U <—>> sin(R;x),
& I

where U (t) = diag([u;](ji)er)R™*™. Linearizing the system
(39) at x = 0, we obtain

. 1. [t
i=—-B"B (W +-U (—)) Rix.
&£ £

Denote J = —BTBWR;. Similar to the previous section, one
can associate (40) with the following averaged system

(39)

(40)

i=Jx 41
where
_ 1T
J= lim — / (1, 10)J D, 19)dt,
T—oo T =0
and ®(r, 1p) is the state transition matrix of the system
;= P(t)z, where P(t) = —B BU (1)R;. (42)

Due to the presence of the matrices B.B, and R;, P(t) has
a very complex dependence on the vibrations injected to the
edges in the Kuramoto-oscillator network. As a consequence,
it becomes very challenging to design vibrational control U (¢)
to modify the elements in J so that the robustness of synchro-
nization can be improved.

Our goal is to provide a tractable and predictable approach
to design vibrational control to improve the robustness of the
synchronization by functionally modifying the elements in J.
To this end, we will use the results we established for linear
systems in Section V-A.

Specifically, our method consists of the following steps (an
example is provided in Fig. 5 to illustrate the procedure).

1) First, selecting a B we compute the Jacobian matrix J

and associate it with a weighted directed graph G;.

2) Following the same steps in Section V-A, one can iden-
tify a modifiable graph from Gy, denoted as G}""d,
containing increasable and decreasable edges in Gj.
Here, an edge (k, £) is increasable (decreasable) if ji, <
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0 (resp., jre > 0). The definition here differs slightly
from the one presented in the previous section. In linear
network systems, an edge that does not exist is not con-
sidered part of the set of modifiable edges, as it cannot
receive control inputs. However, in the linearized model
of a Kuramoto network, a zero entry in the Jacobian
matrix can still be influenced by vibrational control
injected into the connections of the original Kuramoto
network (an example is shown in Fig. 5(a)). Let Appq be
the unweighted adjacency matrix of G;.

3) We assume that U(t) contains non-zero values at all
off-diagonal positions (we will gradually set them to
0 at positions that we do not intend to control). To
assess how vibrations injected into the edges of the
Kuramoto-oscillator network impact the edges within
G, we calculate P(1) = —BTBU (+)R;. Since whether
an edge in Gy can be altered is determined by its mod-
ifiable graph, we let Pi(t) = P(t) © (I + Amod)- This
operation retains only the elements corresponding to
modifiable edges.

4) While configuring control inputs, one needs to deal with
the situation that a vibration introduced to a single edge
in the Kuramoto-oscillator network can bring changes
to multiple edges in G;. To make the design procedure
more analytically tractable, we remove the vibrations
that appear two or more times in the off-diagonal po-
sitions in Py (¢) and obtain P(t).

5) We associate P(t) with a directed graph Gp. Now,
we configure vibrational control inputs such that G
does not contain a directed cycle (also no self-loops).
Consequently, the resulting graph determines realizable
changes to J that vibrations can bring in, which we
refer to as a realizable graph. For any A, there always
exists a vibrational control that functionally changes J
to J = J + A if the associated directed and sign graph
of A is a realizable graph (see Fig. 5(c)). One can sim-
ply use the results in Section V-A to design vibrational
inputs.

Remark 2: The vibrations that exclusively affect the di-
agonal positions of P(¢) play a crucial role in the design
process. They are often utilized to counteract the impact of
other vibrations on the diagonal, ensuring that they only influ-
ence a single off-diagonal element in P(¢). To maximize the
occurrence of vibrations exclusively in the diagonal positions,
an effective approach is to select a spanning tree with minimal
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(a) Kuramoto Network Modifiable Graph and Its Adjacency (c) Realizable Graph and Changes
+ +
?éfg @ Linearize -8 0 2 @ .9 01 1 ® ©) 0 + 0
W= — J=|-1 -3 -1 _— - Amoa= |0 0 1 A=10 0 0
210 1 -1 -6 ; * 110 ; -0 0
5020 @ @ ® ®
ugp = —uz1 #0 | uig = ug3 #0
Vibrations —U13 — U1 — U31 — U4l U2l — U2 U1 — Ugs
0w uz Ulg P(t) = U2 — U13 —Ui2 — U23 — U32 —U34 —ug, — Uy —U1o — Uga
_fu2r 0 uz uy U4 — U13 —U23 —U1q — Ug3 — U4 —uiz — U2 Uz1
Vib = ugr uszz 0 uz / @
Ug Use  Udg 0 —U13 — U21 — U3l — Uq) U1 — U23 Uq1 — U3q w .
Py (t) = 0 —U12 — Uz — U32 —u34 o s
Pt) = —BTIBU( YRy U4 — U3 —U23 —Ul4 — U4z — U34 @
Py(t) (I + Amod)
Urg — Ugs
Remove vibrations that appear R —U1z — U21 — U3l — U4l Uz21 Uq1
2 or more times on off-diagonals P(t) = 0 —U13 — U32 0
U1q4 — U3 0 —U14 — Ugs

FIGURE 5. lllustration of making predictable changes in the Kuramoto-oscillator network. (a) One linearizes the Kuramoto model and obtain a linear
system x = Jx. Following the steps in Section V-A, a modifiable graph and its adjacency matrix can be found. (b) We investigate how vibrations in the

Kuramoto-oscillator network influence the linearized system by computing P =

B™BU (t)R, (in the figure, the incidence matrix B corresponds to the

spanning tree consisting of the edges {(3, 1), (3, 2), (3, 4)}). From the modifiable graph in (a), we only keep elements in P(t) that corresponds to
modifiable edges, resulting in P, (t). Further, to make the design of vibrational control tractable, we remove the vibrations that appear two or more times
in off-diagonal positions and obtain P(t). (c) We associate P(t) with a directed graph G; that allows for self-loops. Then, it remains to configure vibrations
such that the directed graph has no directed cycles (including self-loops). For instance, one can set uy; (t) = —us; (t), u14(t) = uss(t), and any other
vibrations to zero to realize the changes indicated in the upper panel. Any change that has the same pattern as A can be realized by choosing the
amplitudes and frequencies in the vibrations u,; (t) and u;4(t) following the steps in Section V-A.

depth to define B. For example, in Fig. 5(a), one can opt for
the spanning tree composed of edges (3, 1), (3, 2), (3, 4). This
choice facilitates the isolation of vibrations to the diagonal
positions.

C. DESIGN OF VIBRATIONAL CONTROL FOR CLUSTER
SYNCHRONIZATION STABILIZATION

Now, we can use the results in the previous section to design
vibrations to stabilize cluster synchronization.

Recall that oscillators in each cluster have an identical
frequency. Following the same procedure as in the previ-
ous section, one can identify a modifiable graph for each
cluster, defining the edges that can be functionally modi-
fied via Vibrational control. Denote the modifiable graphs by

(D (r)
Gmod’ Gmod’ L Gn:()d'

Corollary 1: Consider matrices AR ¢ Rmxm | =
1,2,...,r, and let G, be the directed and signed graph

associated with them. Assume that they satisfy the following
conditions:

i) Bach G, is acyclic and satisfies G a) C Gmod

ii) The matrix S = [s¢],x, defined by

ifk=2¢,

o, — RIP + ADY — g,
ke = if k # .

—Vkes

is an M-matrix.

Then, there exists &g > 0 such that for any ¢ < g, vibra-
tional control inputs, which functionally change the Jacobian
matrix J® in each cluster to J® + A® k =1,2,...,r, sta-
bilize the cluster synchronization manifold M.

We wish to mention that one can follow the same steps
as in Sections V-A and V-B to design the amplitudes and
frequencies of vibrational inputs.
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FIGURE 6. Vibrational stabilization of a cluster synchronization manifold.
(a) The network structure and the connection weights, where « = 0.05,

B =1, and y = 3. (b) Phase differences without control, indicating that the
cluster synchronization is unstable. (c) Phase differences under vibrational
control to the cluster C;. showing that the cluster synchronization has
been stabilized by local vibrations. The natural frequencies in C; and C,
are w; = 1 and w, = 10, respectively.

VI. NUMERICAL STUDY

In this section, we employ an example to show how to design
vibrations to stabilize cluster synchronization in a Kuramoto-
oscillator network.

The network we consider is shown in Fig. 6(a). Partition-
ing the network into two clusters C; and Cp, Assumption 1
is satisfied so that the corresponding cluster synchronization
manifold M is invariant. However, this pattern of cluster
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synchronization is unstable (see in Fig. 6(b)). Then, we design
a vibrational control to stabilize it.

We observe that the first cluster has the same network struc-
ture as that in Fig. 5. Within each cluster, one can derive that
the linearized system x) = J®)x®) has

-8 0 2 -3 0 1
JV=g|-1 -4 -1 JP=]-1 -2 1],
1 -1 =5 1 0 =3

where o = 0.05. Following the definition (24), one can com-
pute that R(JV) = 0.305 and R(J?) = 3.62. One notices
that the robustness of synchronization within C; is very small.
Therefore, our objective becomes to improve the robustness in
C;. Since cluster C; share the same network structure as that in
Fig. 5, we can use the realizable graphs and changes identified
there. Particularly, we choose

0 1 0
AD=0050 0 0
-1 0 0

as the change we want to bring to Cj.

One can compute that this change improves the robustness
from R(JM) = 0.305 to RJD + AD) = 0.332.

Following the steps in Theorem 2, to realize the changes
described by A", we inject the vibrations below to the con-
nections a»p, a3y, a4, and ays, respectively:

k
u(t) = —uz1(t) = ?1 sin (%) ,

k
ug(t) = uys(t) = ;2 sin (%) ;

where 81 =1, fr = +/2, a

nd
[— (1) ,and ky = / (1
I Ji3

Now, according to Theorem 1, there exist a threshold for ¢
such that ¢ needs to be less than it. Yet, how to identify that
threshold is still an open problem. In practice, one can simply
try to choose a small ¢. Fortunately, ¢ often does not need to
be very small. For instance, as it is shown in Fig. 6, ¢ = 0.01
is sufficient to stabilize the cluster synchronization.

We wish to mention that the condition in Theorem 1 and
Corollary 1 are not even satisfied. This indicates that the
condition we have identified is still a bit conservative. More
tight conditions call for future studies. However, it is worth
highlighting the power of vibrational control since a slight im-
provement on the robustness effectively stabilizes the cluster
synchronization.

VIl. DISCUSSION

Cluster synchronization plays an very important role in many
natural and man-made systems. Losing of stability of desired
patterns of cluster synchronization often means malfunction.
In this article, we study how vibrational control, an open-loop

VOLUME 2, 2023

control strategy, can be used to stabilize cluster synchroniza-
tion. We construct some sufficient conditions under which
a vibrational control stabilizes cluster synchronization. We
show that one of the working mechanisms of vibrational con-
trol is that it improves the robustness of local synchronization
within each cluster. Further, we provide a tractable approach
to design vibrational control inputs. We utilize numerical ex-
periments to valide our theoretical findings.

We conjecture that vibrational control can provide some
interpretation of how deep brain stimulation works, which
can potentially inform the design of better brain stimulation
therapies. In the future, we are interested in extending the
existing open-loop vibrational control strategy to closed-loop
ones, even in the presence of imperfect measurement of sys-
tem states. This hopefully would contribute to the design of
better closed-loop deep brain stimulation.

APPENDIX

A. DERIVATION OF THE COMPACT SYSTEM

Without loss of generality, we arrange the columns in the inci-
dence matrices, as defined in Section III-A, in a manner such
that the intra-cluster edges within the subnetwork precede the
inter-cluster edges. Mathematically, we have

[Bll’ltl'dv 1nter] 1ntrd - blkdlag(B(%)ra, e 8( rt)ra)
[Bmtraa mter] mtra - blkdlag(Bmtrd’ T mtrd)

Recall that w;;’s are the connection weights in the network
G. Now, we define the diagonal matrix consisting of these
weights by

W = Wintra 0 c Rmxm (43)

0 Winter
where Wiy, = diag{w;j, (i, j) € Einra} and  Wipger 1=
diag{w;j, (i, j) € Ener} are also  diagonal  matrices,

containing the weights of intra- and inter-cluster connections,
respectively. Likewise, one can use

V(l‘) o Vintru(t) 0
B 0 Vinter(t)

to denote the diagonal matrix that contains the vibrations
injected to the corresponding edges in (43). Note that the bold
notation W and V are different from W and V defined in
Section 1; in fact, they are obtained by rewriting the non-zeros
entries in W and V into a diagonal matrix, respectively. Now,
one can rewrite the controlled system (6) into

6 =w—BW+V())sin(B'0),

(44)

(45)

where w = [w1, w2, ..., w,]", B is a matrix obtained by
replacing the negative elements in the oriented incidence
matrix B with 0. Likewise, we define Biywa and Bipger, and

then we have B [Blmra,Bimer]. Also, we write Biyyra =
(1) (2) r

[Bmtra’ Elntra’ o Emtra]
Recall that x = mtra@ andy = lmerG Then, it holds that

B(W + V(t))sin(B'6), (46a)

mtra
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y =B o — Bl BW +V())sin(B'0), (46b)

where the fact that identical intra-cluster natural frequencies
imply Biana“’ = 0 has been used. Now, it remains to write B 6
into a function of x and y.

To this end, we provide the following instrumental lemma.
Below, B is the incidence matrix of the undirected counterpart
of G (replacing every pair of bidirectional edges with one
undirected edge); and Binger and Binga are also the undirected
counterparts of Biper and Binga, respectively. The matrix
Binwa can be decomposed with respect to different clusters
as Bipga = [Bi(rit)ra, e Bi(;t)ra]. Also, we define two projection
matrices

Pingra = I, — éintraéT

intra’

, _ B AT
Pmter - I}’l - BlnterB'

inter’

where (-)" denotes the pseudo-inverse of a matrix.
Lemma 3: For the incidence matrices B € R™™ and B €
R (1=1) of the graph G and its directed spanning tree G, there

exists
R
r=|f 0
Ry R3

such that BT = RBT, where
R R, R,
R1=[ 1/},1?2:[ 2 },RF[ 3/},
R, R, R,

' _ T (BT p. 3t
R] - Bimra(BimraPmter) B

with

—T AT "
R/Z = Binter(BintraPimer)I ’

—T AT .
R/3 = Binter (BimerPintra)‘ : A

Proof: As B is the incidence matrix of the undirected coun-
terpart of G, we can write

B = [Bintraa _Bintras Binter: _Binter]' (47)
The work [20] has shown that
pT
BT — |:Bintraj| — |:R/1 0 ] B‘T
_T 9
B inter R/2 R/3
which means that
AT AT AT AT AT
Bimra = RIIB ’ and Binter = R/ZBintra + RéBinter‘
Substituting them into (47) completes the proof. O

Applying Lemma 3 to (46), we obtain

BTo— | Olgrg_|[Rr O f|x)
Ry R3 Ry R3 y
Subsequently, one can derive that the functions in the compact
system (9) are given by

AT .
Sinra(x) = _BimraBintraWintra sin(R;x)

finter(x7 )’) = _Bi—rmraBinterWinter sin(Rax + RS)’)

(48a)
(48b)

A

hea(V(2), %, ¥) = =B aBintraV intra () sin (R x)
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— B o Binter Viner (1) sin(Rox + R3y),  (48c¢)

806, ) = By — BiriorBineaWinga Sin(Rix)  (48d)

— Byl e Binter Winter sin(Rox + Rsy) (48e)
Ba(V.x,y) = =Bl BinaVinga(?) sin(R)x)

— BierBinerVineer (1) sin(Rox + Rzy).  (48f)

Similar to V(z), one can define U(t) := diag(u;;(t) :
(i, j) € &), and it follows that V(¢) = %U(g). Then, (48) de-
fines the functions in (9).

The function finwa characterizes the inherent dynamics
occurring within the clusters, while finer accounts for the
dynamics resulting from the inter-cluster connections. The
functions heq and £, delineate the impact on the dynamics
introduced by the vibrational control inputs.

In this article, we specifically investigate a form of vibra-
tional control where vibrations are only introduced to the
intra-cluster connections. Then, we have Viper(f) = 0. As a
consequence,

hea(V(t), %, y) = B BintraVinga (7) sin(Ry x),
Bog(V, %, ¥) = =B BintaVintra (1) sin (R x),

mnter

which no longer depend on y. Therefore, we denote them as
hea(V (), x) and Kl (V (1), x) for notational simplicity.

B. PROOF OF LEMMA 1
Since x = 0 is exponentially stable uniformly in y for the
system (14), according to the converse Lyapunov theorem
(see [32, Th. 4.4] and [39]) there exists D = {x e R"":
IX|l < p1} and a continuously differentiable function function
V 10, 0] x D x R" — R such that

av. v

o o (T HPOX+NOID) < —¢ 17112
t 0x

and ||%—‘;|| < ¢3||%|| for some constants ¢y, ¢2 > 0. Let

h(t, x) = finga(®) + fea(U @), X) + finter (x, y)

and A(t,x)=h(t,x)— (J+Pt)x —N@H)x. It can be
checked that dh/0x is bounded and Lipschitz on D. Then,
similar to the proof of [40, Th. 4.13], one can show that
|A®, x)|| < c3llx||> for some ¢3 > 0. The time derivative

along the system (9) satisfies
av. oV
o + ™ ((J+P@)+NY)x+ A, x)

< —c1|lxl* + cacs x|
< —(c1 — cae3p)lIx])?. Vx|l < p.
Choosing p = min{py, c¢1/c2c3} completes the proof.
C. PROOF OF LEMMA 2
To construct the proof, one just needs to find vibrational con-

trol inputs that increase/decrease the weight of the edge (i, j)
functionally in both situations.
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Consider a vibrational control that is only injected to the
edge (i, j), ie., V(¢t) in (27) satisfies vp,(t) =0 for any
(p,q) # (i, j) and V;;(t) # 0. One can label the nodes in the
expanded network G such that i =1 and j = n. Then, the
vibrational control matrix becomes

0 0 --- 0
Vi =| . oo D

vi(t) 0 0 O
which has a quasi-lower-triangular form. Following the steps
in [30], one can derive that A in the averaged system (28) is

. . ) 0 0 --- 0
A=A+ B, where B = ) L s

byt)y 0 0 O
where by = —ap, limr—eo + [ F2()dt with Fy(t) =
fé v (7)dr. If the edge (n, 1) has a positive weight, i.e.,

ay, >0, b, <O0.If a1, <0, we have b,; > 0, which com-
pletes the proof.

D. PROOF OF THEOREM 1

One can observe that (i) implies (ii). Then, it suffices to prove
the exponential stability of x = 0 for (16). To do that, we first
present the following lemma.

Lemma 4 (Growth bound of perturbations): There exist
some constants y, > 0, k, £ =1, ..., r, such that, for any &,
it holds that [|G® (y)z]| < Yj_; aellzell.A

Proof: To construct the proof, we write N(y) into a block-
diagonal form

N" () N"()
N@y) = : . : ,
N (y) N (y)
where each N (y) € R"i=Dx(i=1D Then, it follows that
r
Pz =Y (@) N D@Dz,
=1

Recall that ® and ®~! are almost periodic, ||®| and |®~!||
are both bounded. Let ¢ = max ¢ [[(®~H)®)| - |®©||. Then,
one can derive that

[6Dz] = e >IN Dzl = ¢ 3 INF Dl
=1 =1

Now, it remains to bound ||[N*®) (y)]|. Recall that N (y) is given
by

N») = —Bintra) ' BinterWinter (1,1 ® sin(R3y)) © Ra.
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Since sin(R3)y is bounded independent of y, there exists a

constant ¢, such that ||Nke(y)|| < cpe. Letting ¢ = ccpe

completes the proof. (]
Let Vi = z] Xz, and we have

10Vi/0zil < )\max(}_(k)”Zk I

Choose V(z) =Y ;_; diVx as a Lyapunov candidate. The
time derivative of V (z) satisfies

,
V(@) =Y dilg (T X + X TPz
k=1

4+ — O 'N©y)Dz]
0zx

r r
<Y dl =Nzl + Amax X)) Y relizellze .

k=1 =1
where the inequality has used Lemma 4.
Let D := diag(dy, ..., d,) and S = [8ij1rx, where

§k€ — 1 - )"max(_Xk)J_/kk,
—Amax (Xk ))_/kﬂ ’

ifk =,
if k # ¢.

Then, one can rewrite V(z) < —%ZT(DS +STD)z. By as-
sumption, S is an M-matrix, and so is S since $=S-
diag(Amax(X1), - . - » Amax(X,-)). Tt follows from [40, Th. 9.2]
that the system (19) is exponentially stable.

Following similar steps as in [40, Th. 10.4], one can prove
that there exists ¢* > 0 such that for any ¢ < &*, z=0 is
exponentially stable uniformly in y for the system (18). Since
x(s) = (s, 50)z(s) and ||P| is bounded, then x = 0 is also
exponentially stable uniformly in y for (16), which completes
the proof.
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